Abstract. In this paper we discuss generalized properties of non-associativity in Clifford bundles on the 7-sphere S 7 . Novel and prominent properties inherited from the non-associative structure of the Clifford bundle on S 7 are demonstrated. They naturally lead to general transformations of the spinor fields on S 7 and have dramatic consequences for the associated Kač-Moody current algebras. All additional properties concerning the non-associative structure in the Clifford bundle on S 7 are considered. We further discuss and explore their applications.
Introduction
The main goal of this paper is provide a general class of non-associative structures on S 7 in the Clifford algebra formulation of generalized octonionic products. After briefly revisiting previous results [1, 2] , an octonionic product is defined in the Clifford algebra Cℓ 0,7 [3] which is closely related to the S 7 sphere [8] . Using this formalism, certain new identities are derived in a generalized octonionic algebra. See, for example, [9] for details as well as [7, 10, 11] for some prominent applications. Although there is a great variety of new octonionic products that may be defined, we restrict our formalism to a generalization of the results presented in [4, 6] . First, just to fix our notation, original non-associative deformed products between octonions presented in [1, 4, 6] are briefly reviewed. Then, we discuss extended octonionic products between octonions and Clifford multivectors, and also among the Clifford multivectors, in the light of [1, 4] . Our results immediately lead to the formalism presented in [4] in a very special case when a paravector component of an arbitrary multivector in Cℓ 0,7 is taken into account.
The results from [1, 2] are generalized along with a definition of nonequivalent non-associative products which are introduced in order to discuss the Clifford bundle on S 7 [1] . The formalism presented in [4, 6] shows that the octonionic product can be deformed in order to include a parallelizable torsion on S 7 . The X -product, as presented, is exactly twice the torsion components. We prove that, instead of considering the tangent space associated with the octonionic algebra, the whole Clifford bundle reveals unexpected properties. Despite of being hidden in the tangent bundle at S 7 , the new properties are evinced when the Clifford bundle on S 7 is considered. Section 2 briefly revisits some mathematical tools and techniques related to the octonionic algebra in the Clifford algebra setting. We concentrate on the fundamental properties already discussed in [1, 3] when introducing octonions via the Clifford algebra. In Section 3, new definitions reveal a wealth of unexpected results and the subtle difference arising in the generalization of the so called u-product with u ∈ Cℓ 0,7 . Moreover, we review some properties from [1] and present a few examples elucidating the main motivation for the formalism. In addition, new classes of non-associative products are introduced in the Clifford bundle on S 7 as well as directional non-associative products and new counter-examples to the Moufang identities that do not hold in our extended formalism.
Preliminaries
Let V be an n-dimensional real vector space and let V * denote its dual. We consider the tensor algebra ∞ i=0 T i (V ) from which we restrict our attention to the space V = n k=0 k V of multivectors over V . k V denotes the space of the antisymmetric k-tensors which is isomorphic to the vector space of k-forms. Given ψ ∈ k V ,ψ denotes the reversion, an algebra anti-automorphism given byψ = (−1)
denotes the integer part of k).ψ denotes the main automorphism or grade involution, given bŷ
The conjugation is defined as the reversion followed by the main automorphism. If V is endowed with a non-degenerate, symmetric, bilinear map g : V * × V * → R, it is possible to extend g to V . The Clifford product between w ∈ V and ψ ∈ V is given by wψ = w ∧ ψ + w ⌋ ψ. The Grassmann algebra ( V, g) endowed with the Clifford product is denoted by Cℓ(V, g) or Cℓ p,q , the Clifford algebra associated with V ≃ R p,q , p + q = n. The octonionic algebra via the Clifford algebras is briefly reviewed in [1] [2] [3] . The octonionic algebra O can be defined as the paravector space R ⊕ R 0,7 endowed with the product •. The identity e 0 = 1 and an orthonormal basis {e a } be constructed using the Clifford algebra Cℓ 0,7 as
where ψ = e 126 + e 237 + e 341 + e 452 + e 563 + e 674 + e 715 ∈ 3 R 0,7 ֒→ Cℓ 0,7 .
1
The main reason for introducing the octonionic product through the Clifford product as described is to extend hereafter our formalism from the Clifford algebras to the Clifford bundles on S 7 . The octonion multiplication table is constructed by e a • e b = ǫ c ab e c − δ ab (a, b, c = 1, . . . , 7), where ǫ c ab = 1 for the cyclic permutations (abc) = (126), (237), (341), (452), (563), (674), (715). The Clifford conjugation of X = X 0 +X a e a ∈ O is given byX = X 0 −X a e a , where X 0 and X a are real coefficients.
3. The •-product and the ⊙-product on S
7
Given X, Y ∈ R ⊕ R 0,7 fixed but arbitrary such that
, the X -product is defined by [4, 6] A
The expressions below are shown in, e.g., [4] 
These identities are in general valid for any octonion X, not only for X ∈ S 7 . Since from now on we focus on S 7 with parallelizable torsion, we restrict the expressions above to X ∈ S 7 . The structure of the vector space R 0,7 ֒→ Cℓ 0,7 is not sufficient to determine whether the O-conjugation is the grade involution or conjugation from inherited from the Clifford algebra Cℓ 0,7 through the equations above sinceX (the octonionic conjugation) could either beX (the grade involution) orX (the Clifford conjugation). SinceX (octonionic) is an anti-automorphism, it excludes immediately the grade involution.
Because of the non-associativity of the product in O, in general, A • X B = A • B. Exceptions can be provided when one defines [5] the following sets:
±e a )/ √ 8 | odd number of plus signs}, and when we choose X in one these four sets. Then, for all a, b, c, d ∈ {0, . . . , 7}, there is some c ∈ {0, . . . , 7} such that e a • X e b = ±e c . Eqs. (3.2) show that X determines two linear transformations f, g ∈ End(O) such that
for all A, B ∈ O. The alternativity of the • X -multiplication then follows as
The • X -multiplication is essentially the initial •-multiplication: there exists an orthogonal transformation h in the special orthogonal group SO(R 0,7 ) such that the mapping λ + v → λ + h(v), for all λ ∈ R and v ∈ R 0,7 , is an isomorphism from (R⊕R 0,7 ,
The isomorphism O ≃ O X was widely discussed in [4] . Now, a simple change in the sign of X gives rise to distinct but isomorphic copies of O. Thus, an orbit containing the isomorphic copies of O arising from any given copy, is S 7 /Z 2 = RP 7 , the manifold obtained from the S 7 -sphere by identifying two diametrically opposite points since
Moreover, the composition of X -products is yet another
A non-associative product called the u-product was introduced in [1] as a natural generalization for the X -product. For homogeneous multivectors
is an orthogonal set with respect to the metric g = diag(−, −, −, −, −, −, −), and A ∈ R ⊕ R 0,7 , the products • and • are defined as [1] •
• :
In addition, one defines A • (λ 1) = λA = (λ 1) • A for any A ∈ O, a real scalar λ, and where 1 = e 0 denotes the unity of Cℓ 0,7 . Moreover, the products (3.6), (3.7) are extended to the whole R 0,7 by linearity. Given an element u ∈ R 0,7 , the u-product is defined as
In [1] , the authors ask whether
holds in a context where any similar generalization related to (3.1) can be constructed in the non-associative formalism induced by the u-product for u ∈ sec T x S 7 , the exterior bundle on S 7 . In a straightforward example we showed in [2] that, in general,
Whether the equality
holds in the more general setting in the context of the •-product, is an open question which we intend to address. Now, given
The Hopf fibration S 3 · · · S 7 → S 4 can therefore be defined as [4] :
2 ), where A ∈ O X and A ∈ S 4 . One can observe that the X -product is a map from S 7 to S 4 . Cℓ 0,7 is a Clifford algebra whose matrix representation is provided by the direct sum of two ideals -each isomorphic to Mat(8, R) -which are generated, respectively, by the central idempotents 
• denotes the composition of mappings). According to the universal property of the Clifford algebra, the mapping v → L v sending v → R v extends to an algebra [anti-]morphism Cℓ 0,7 → End(O). Furthermore, one can verify that 15) and since dim(Cℓ 0,7 ) = 128 and dim(End(O)) = 64, the kernel of the morphism and of the antimorphism is the ideal generated by one of the idempotents 6 •e 7 ))))) = −1
shows that in both cases the kernel is the ideal generated by the central element
The operators L u and R u are defined for all u ∈ Cℓ 0,7 , and if we set L u (A) = u • A and R u (A) = A • u, then for A, B ∈ O and u, w ∈ Cℓ 0,7 , one obtains
which immediately implies Eqs. (3.6, 3.7). Now, given u = u 1...k and v = v 1...k ∈ Cℓ 0,7 , the non-associative product between Clifford algebra elements was defined in [1] as
Symbol ⊙ denotes both products ⊙ and ⊙ . It is easy to see that when elements of Cℓ 0,7 are restricted to the paravector space
. It was seen in [2] that (e 57 − e 31 ) ⊙ e 123 = e 7 + e 2 , while (e 57 − e 31 ) ⊙ e 123 = −e 7 + e 2 .
Towards a Moufang-like generalization
Our goal is to obtain the most general expression generalizing (3.2) and emulating it when u ∈ Cℓ 0,7 is considered instead of X ∈ R ⊕ R 0,7 . In order to generalize (3.1), some results must be introduced first. Indeed, it is straightforward to verify that for all a, b ∈ {0, . . . , 7} and for all A ∈ O, the relations
hold where δ ab = 1 if a = b, and 0 otherwise. The relations (4.2) and (4.3) are understood as •-actions on the octonions or an ⊙-action upon Clifford algebra elements Cℓ 0,7 , as defined in (3.6), (3.7), and (3.17). In this direction, the P a 's are •-idempotents satisfying
form a complete set of orthogonal •-idempotents decomposing the unity [4] .
Given a fixed but arbitrary a ∈ {1, 2, . . . , 7}, consider the idempotent P a in (4.1). Then, P a is a linear combination of 3-vectors in 3 R 0,7 such that the element e ijk appears in the combination with the plus sign only when one of the indices i, j, k equals a. Furthermore, define
Proposition 4.2. Let α a be as in (4.4) with a ∈ {1, . . . , 7}. Then, for all
Proof. From the definition of α a in (4.4) and • in (3.8), we have
for every 1 ≤ a ≤ 7.
A simpler expression for the P a is e a (1 − ψ)e −1 a /8 (for a = 0, 1, . . . , 7) where ψ is given by Eq. (2.1) and its subsequent line. When O is regarded as a left or right module over the Clifford algebra, the elements P a are mutually annihilating idempotents modulo the ideal (1 + e 1234567 )Cℓ 0,7 ֒→ Cℓ 0,7 . This assertion can be verified by a direct calculation using twenty one formulas like this one:
e 476 e 517 − e 732 = e 517 e 476 − e 732 = −(1 + e 1234567 )e 732 .
(4.6) Then, we also have these relations:
Recall thatũ denotes the reversion of u in R 0,7 .
Proposition 4.3. (a)
Given e 0 ∈ O and u = e i1 e i2 · · · e i k ∈ k R 0,7 , k = 1, 2, . . . , 6, then
where ρ = (−1) |u|(|u|−1)/2 and |u| denotes the degree of u;
, with e a / ∈ {e i1 , e i2 , . . . , e i k } or {e a , e l , e m } not being an H-triple for e l = e m and e l , e m ∈ {e i1 , e i2 , . . . , e i6 }, then
where λ = (−1)
2) For u = e bc ∈ 2 R 0,7 :
3) For u = e bcd ∈ 3 R 0,7 :
4) For u = e bcdf ∈ 4 R 0,7 :
5) For u = e bcdf g ∈ 5 R 0,7 :
6) For u = e bcdf gh ∈ 6 R 0,7 :
7) For u = e bcdf ghj ∈ 7 R 0,7 :
Therefore, e 0 • u = ρe 0 • (1 • ũ), where ρ = (−1) |u|(|u|−1)/2 which matches the reversion sign. (b) 0) When u = e 0 ∈ 0 R 0,7 , it follows that:
2) When u = e bc ∈ 2 R 0,7 , it follows that: (i) a / ∈ {b, c}, and (abc) is not an H-triple:
(ii) a ∈ {b, c} or (abc) is an H-triple. Without a loss of generality, consider a = b:
3) When u = e bcd ∈ 3 R 0,7 , it follows that: (i) a / ∈ {b, c, d}, and (ijk) is not an H-triple where i, j, k ∈ {a, b, c, d}:
(ii) a ∈ {b, c, d} or (abc) is an H-triple. Without a loss of generality, consider a = b:
is an H-triple where i, j, k ∈ {a, b, c, d} and (ijk) = (abc). Let us suppose that (abd) is an H-triple:
4) When u = e bcdf ∈ 4 R 0,7 , it follows that: (i) a / ∈ {b, c, d, f }, and (ijk) is not an H-triple where i, j, k ∈ {a, b, c, d, f }:
is an H-triple. Without a loss of generality, consider a = b:
is an H-triple where i, j, k ∈ {a, b, c, d, f } and (ijk) = (abc). Let us suppose that (abd) is an H-triple:
5) When u = e bcdf g ∈ 5 R 0,7 , it follows that: (i) a / ∈ {b, c, d, f, g}, and (ijk) is not an H-triple where i, j, k ∈ {a, b, c, d, f, g}:
(ii) a ∈ {b, c, d, f, g} or (abc) is an H-triple. Without a loss of generality, consider a = b:
is an H-triple where i, j, k ∈ {a, b, c, d, f, g} and (ijk) = (abc). Let us suppose that (abd) is an H-triple:
(iv) (ijk) and (lmn) are H-triples where i, j, k, l, m, n ∈ {a, b, c, d, f, g}, {i, j, k} = {l, m, n} and (ijk) = (abc). Let us suppose that (abd) and (cf g) are H-triples:
6) When u = e bcdf gh ∈ 6 R 0,7 , it follows that: (i) a / ∈ {b, c, d, f, g, h}, and (ijk) and (lmn) are not H-triples where i, j, k, l, m, n ∈ {a, b, c, d, f, g, h} and {i, j, k} = {l, m, n}:
(ii) a ∈ {b, c, d, f, g, h} or (abc) is an H-triple. Without a loss of generality, consider a = b:
is an H-triple where i, j, k ∈ {a, b, c, d, f, g, h} and (ijk) = (abc). Let us suppose that (abd) is an H-triple:
(iv) (ijk) and (lmn) are H-triples where i, j, k, l, m, n ∈ {a, b, c, d, f, g, h}, {i, j, k} = {l, m, n} and (ijk) = (abc). Let us suppose that (abd) and (cf g) are H-triples:
This complements Propositions 1, 1 ′ , 2, 2 ′ , 3, and 4 in [2] towards the required generalization of (3.2). Indeed, using the aforementioned and demonstrated results we can show that
for a = b while β = ±1 which depends on the degree k of u ∈ k R 0,7 . When u is an octonion, identity (4.9) leads to (3.2). However, until now a general expression conjectured to be A result similar to the last Proposition can be obtained when u ∈ Cℓ 0,7 and v ∈ R 0,7 . Then, the identities (3.1) and (3.2) imply
and if u is a product of k pairwise orthogonal vectors in the basis {e a } 7 a=1 of R 0,7 , then v −1 = −v and vuv −1 = su, for some s = ±1,
It remains to calculate the factor st in (4.12). The factor s is (−1)
k provided e a is, or is not, a factor in the product u. The factor t is 1 when 1 • u equals ±1 or ±e a , and it is −1 in all other cases. To know which into case 1 • u falls, we can calculate it up to the sign by means of an Abelian group consisting of the eight sets {±e b } 7 b=1 .
Concluding remarks and outlook
is twice the parallelizing torsion whose components are given by
The right-hand-side of (5.1) is exactly theX -product betweenē i and e j . So, the S 7 algebra can be written as [δ i , δ j ] = 2T ijk (X)δ k where δ A X = X • A, and the variation δ denotes the parallelizing covariant derivative [4] . By means of the ⊙-product, all subsequent octonionic products are regarded as the ⊙-product involving the Clifford multivector associated with the given octonionic product as defined in (3.6), (3.7), and (3.17). Thus, the arbitrary number of octonionic products can be encoded in a unique product -the ⊙-product. It is not quite a straightforward task to consider the reversed non-associative products. For instance, given α 0 in (4.4), the identity
holds for all X ∈ O. The possibility of performing non-associative products between arbitrary multivectors of Cℓ 0,7 naturally arises in our formalism [1] , and it generalizes furthermore the formalism introduced in [4] concerning the original X -product. Some additional application are shown in [10] .
The formalism developed here is one more step towards new applications of the S 7 spinor fields. Heretofore, the product • u was introduced and now a few words delving into novel applications. It is well-known that the tangent space at X is spanned by the units {X • e i } the tangent space basis at two infinitesimally separated points, the parallel transport of this basis is defined by an infinitesimal transformation δ A X = X • A where A is a pure octonion with no scalar part. Given a field ξ on S 7 , the commutator of two such transformations can be calculated explicitly [6] as: is twice the parallelizing torsion [13] . In component notation, The variation δ is indeed the parallelizing covariant derivative. We want to introduce a boson η such that η |η| = Y with some S 7 transformation rule. This excludes the simplest candidate δ α Y = Y • α [6] . The two fields are bound to transform differently. The correct transformation rule turns out to be δ A η = η • X A. Such transformation is related to the transformation of the parameter field X. Therefore, fermions cannot transform without the presence of a parameter field. A field (bosonic or fermionic) transforming according to such map is a spinor under S 7 . Our formalism introduces a new transformation of such spinor fields since the product • u requires more parameters than the X -product. The current algebra associated to such spinor fields is, in addition, dramatically modified. We postpone a deeper discussion of these consequences to a forthcoming paper since it is far beyond the scope of the present work. Even though a huge variety of new products can be introduced using our formalism, we are concerned to reveal and descry some applications. The products here introduced are immediate generalization of the results in, e.g., Cederwall, Bengtsson, Rooman, Preitschopf, Brink [4, 6, 13] , as well as other ones obtained by Toppan, Günaydin, Lukierski, Ketov, de Wit, Nicolai, Gursey, and others [7, 14, 15] . Finally, objects described here provide immediate generalizations of the instanton Hopf fibration and Lounesto spinor field classification [10] as well as generalizations of Clifford algebras [16] and the Lounesto spinor field classification in eight dimensions [17] .
